Effects of colored noise near supercritical Hopf bifurcation, especially noise induced oscillation ͑NIO͒ and coherence resonance ͑CR͒, have been studied analytically in the Brusselator model, using the stochastic normal form method. Two types of colored noise are considered: one is the standard Gaussian colored noise generated by the Ornstein-Uhlenbeck ͑OU͒ process and the other is the so-called power-limited ͑PL͒ process. Depending on the noise intensity and noise type, it is found that the autocorrelation time, most probable radius and signal to noise ratio of the NIO may show nontrivial dependencies on the noise correlation time c . Interestingly, for OU-type noise with intensity above a threshold, SNR is a bell-shaped function of c , indicating enhancement of CR by noise correlation; and for PL-type noise, SNR may show double maxima when c is changed, demonstrating a new kind of multiresonance phenomenon. These theoretical predictions are well reproduced by numerical simulations. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.3013178͔
I. INTRODUCTION
In the last two decades, stochastic resonance ͑SR͒, 1,2 and related phenomena have gained extensive attention in a variety of nonlinear systems in physics, chemistry, and biology. The fingerprint of SR-like behavior is the output of the system, often characterized by some well-defined signal to noise ratio ͑SNR͒, undergoes one or more maxima with the variation of external or internal noise intensity. Specifically, for excitable or oscillatory systems where Hopf bifurcation exists, noise can induce oscillation when the control parameter is located in the subthreshold region, the SNR of which also shows a bell-shape dependence on the noise intensity, demonstrating the occurrence of "coherence resonance ͑CR͒." Since it was introduced by Hu et al., originally named as "autonomous SR," 3 CR has gained a lot of attention in recent years. [4] [5] [6] On the other hand, the effect of "noise correlation"
is another important topic in the study of noisy dynamic systems. 7 While many studies only consider Gaussian white noise, subjected to the system in an additive or multiplicative way, "colored noise" would be more realistic, especially in biological systems. [8] [9] [10] [11] It has been found that the correlation time of the colored noise could have a drastic influence on SR-like phenomena. [12] [13] [14] [15] [16] For instance, to list just a few, Nozaki et al. 13 reported that under certain circumstances, 1 / f colored noise can be better than white noise for enhancing the response of a neuron to a weak signal; Alexander Neiman et al. 14 have investigated the influence of noise correlation on SR and found so-called "memory effects"; Juan L. Cabrera et al. presented evidence that, underlying SR-like behavior with the correlation time of colored noise, there is an effect of optimal localization of the system trajectories in the phase space. 15 In the present paper, we will investigate how noise correlation would influence CR phenomenon near supercritical Hopf bifurcation. To be different from most previous works, our analysis is mainly theoretical which can give a systematic understanding. Following the standard bifurcation method, 17 we obtain the stochastic normal form equation, a stochastic differential equation governing the evolution of the oscillation amplitude r and phase . In the very vicinity of the HB and in the long time limit that is much larger than the correlation time of the noise, "stochastic averaging" is applicable, and a simplified stochastic normal form equation ͑SSNFE͒ is finally obtained. In this equation, the system's dynamics is approximated by an effective Markovian process. The intensity of the effective noise depends on the system's dynamics and the correlation property of the original colored noise. r and are decoupled in the SSNFE such that analytical solutions can be obtained, from which we can calculate such properties of the noise induced oscillation as its correlation time, most probable radius, the so-called effective SNR ͑defined as height of the peak in the PSD divided by its half-height width͒, etc. These theoretical expressions make it quite straightforward to predict the effects of the noise correlation on the CR phenomenon, including some nontrivial features. We have also performed numerical simulations, and the results show rather good agreement with the theoretical predictions.
Specifically, we have considered two types of colored noise in the present work. The first one OU is the standard Gaussian colored noise generated by the linear OrnsteinUhlenbeck ͑OU͒ process,
where c is correlation time of the noise, D stands for the noise strength, and ͑t͒ is Gaussian white noise with zero mean and unit variance. From Eq. ͑1͒ we have
In the limit c → 0, this correlation function approaches the ␦-function such that OU ͑t͒ is white noise if D is kept constant. The spectral density, obtained by the WienerKhintchine theorem as the Fourier transformation of the autocorrelation function, reads
For such kind of colored noise, however, the variance ͗ OU 2 ͘ = D / c goes to infinity and the total power ͐ −ϱ +ϱ S OU ͑͒d diverges for c → 0. The other type of colored noise PL is the "power-limited ͑PL͒" one, which is generated as the following:
Being different from OU ͑t͒ generated by Eq. ͑1͒, the variance of PL ͑t͒ is fixed to be D. The autocorrelation function is
and the spectral density is
As c → 0, S PL ͑͒ becomes more and more white, but the total power ͐ −ϱ +ϱ S PL ͑͒d =2D is finite and conserved. As pointed out by Jung et al., 18 the philosophy behind OU ͑t͒, parameterized by the noise strength D, is to preserve the "action" of the noise on the position of a Brownian particle driven by OU ͑t͒ in the limit c → 0. On the other hand, one may also consider a system driven by a time-correlated fluctuation force, of which the variance is fixed and the correlation time is variable, and it can be modeled by PL ͑t͒. It was demonstrated that these two types of colored noise could have quite different effects on the system's behavior when the correlation time is changed. For a bistable system driven by OU-colored noise OU ͑t͒, the escape rate decreases monotonically with increasing c , 19 while when driven by PLcolored noise PL ͑t͒, the rate exhibits a bell-shaped dependence on c . 20 Therefore, it is also interesting for us to study their different effects in an oscillatory system. The paper is organized as follows: In Sec. II, we apply the stochastic normal form theory to the Brusselator system subjected to additive colored noise. Attention is paid to the nontrivial effects of the noise correlation. The numerical results are present in Sec. III, which show rather good agreement with the theory. We end with the conclusions in Sec. IV.
II. MODEL AND THEORY
The system we considered is the Brusselator model subjected to additive colored noise as the following:
where ͑t͒ stands for colored noise generated by Eq. ͑1͒ or ͑4͒. In the deterministic case, i.e., D = 0, system ͑7͒ has a steady state ͑X s = A , Y s = B / A͒ which loses stability at the supercritical Hopf bifurcation ͑HB͒ B c =1+A 2 and oscillation happens for B Ͼ B c . According to bifurcation theory, 17 in the vicinity of HB, the system's dynamics can be described by a normal form equation on a two-dimensional center manifold, describing the time evolution of a complex amplitude Z ϵ re i . The variable Z is obtained via linear transformation of the original variables X and Y via
where
In the case ␣ Ӷ 1, the stochastic normal form associated with Eq. ͑7͒ reads dr = ͑␣r + C r r
are constants derived from the nonlinear terms in Eq. ͑7͒, = tg −1 ͑1 / A͒. Note that Eq. ͑9͒ applies to all types of noise added in the same way as in Eq. ͑7͒, and the correlation properties of the noise will influence the following analysis.
Equation ͑9͒ cannot be solved directly because r and are strongly coupled via the noise terms. However, one may seek for approximated solutions in the long time limit t ӷ c . For parameters very close to the HB ͑␣ Ӷ 1͒, where NIO and CR are observed, and small noise intensity ͑D Ӷ 1͒, we find that it is possible to use the "stochastic averaging" procedure, 20 which has been widely used in the analysis of stochastic dynamical systems. The main purpose of this method is to approximate the system's dynamics as the Mar-kovian random process, after the system reaches the stationary state. According to this method, Eq. ͑9͒ can be approximated by ͑see the Appendix for details͒,
where r ͑r͒ and ͑t͒ are two independent Gaussian white noises with zero mean and unit variance, and
is given by Eq. ͑3͒ or ͑6͒.
Note that the simplified normal form Eq. ͑10͒ is similar to that obtained in our previous work, 21 where system size resonance resulting from the interplay of internal noise and oscillatory dynamics of a mesoscopic Brusselator model was investigated. Consequently, subsequent analysis is straightforward. We will only present the main results here, and one may turn to Ref. .
͑12͒
The spectral density of the NIO shows a clear peak at the frequency 1 = 0 + C i r m 2 Ϸ 0 , and distinguish the NIO from totally random noise. The autocorrelation function of the NIO is a typical damped oscillation, from which one can estimate the autocorrelation time NIO , given by
One can define an effective signal to noise ratio ͑SNR͒ as the peak height divided by the half-height width, which leads to the following formula:
It is easy to check that both r m and NIO depend monotonically on the effective noise intensity 2 , while the SNR has a clear peak at some optimal value that is given by
where CR happens. The maximum SNR is given by
which is a constant for a fixed ␣.
One may find that Eqs. ͑12͒-͑15͒ are similar to those presented in Ref. 21 , wherein the effective noise intensity was decided by the system size and reaction mechanism. What is new here is that 2 , given by Eq. ͑11͒, contains exactly the correlation properties of the colored noise. The noise is colored and external here, which has free parameters as the noise intensity D and correlation time c , while the noise considered in Ref. 21 was intrinsic to the system and cannot be controlled externally. In addition, what we focus on here is the effects of the noise correlation on NIO and CR, which was not presented before. Combine Eqs. ͑3͒, ͑6͒, and ͑11͒ and Eqs. ͑12͒-͑16͒, and some interesting features can be obtained without numerical simulations, as described below.
From the above analysis, one knows that NIO can always occur given that the control parameter locates close to the Hopf bifurcation, for any type of external noise. For a fixed control parameter, ␣ is also fixed, and the properties of NIO are only determined by the effective noise intensity 2 . r m and NIO are monotonic functions of 2 , while SNR is a bell-shape function characteristic of CR. According to Eqs. ͑3͒, ͑6͒, and ͑11͒, 2 is a further function of the noise strength D and correlation time c . To get a global view, we have drawn the contour plots of r m , NIO , and SNR in the D ϳ c plane for OU-and PL-colored noise in Figs. 1 and 2 , respectively. The parameters are A =1, B = 1.996, thus ␣ = −0.002, C r =−3/ 8. From these figures, some general remarks can be made about the main effects of noise correlation and the differences between the two types of noise.
͑a͒ Since both r m and NIO are monotonic functions of 2 , and 2 is apparently a monotonic function of D according to Eqs. ͑3͒ and ͑6͒, r m and NIO will also depend monotonically on D. Similarly, SNR reaches maximum at an optimal value of 2 and also at an optimal value of D for any fixed value of c . In this respect, the qualitative dependencies of r m , NIO In the next section, we will perform numerical simulation to test above theoretical results. It not possible to scan all the parameter values in the D ϳ c plane, hence we will mainly address the points outlined above.
III. NUMERICAL RESULTS
Equations ͑7͒ are integrated by the Euler method with a time step of 0.001, where the colored noise is generated via Eq. ͑1͒ or ͑4͒. After sufficient transient time is passed, noisy time series X͑t͒ and Y͑t͒ are used to calculate the amplitude and autocorrelation function. Based on Eq. ͑8͒, we can generate r͑t͒ and cos͓͑t͔͒ from X͑t͒ and Y͑t͒. From the statistics of r͑t͒ one can get the probability distribution of r as well as the approximate value of r m , and from the autocorrelation function of cos͓͑t͔͒ we can obtain the correlation time NIO . Note that we can also estimate the spectral density of r͑t͒cos͓͑t͔͒ by fast Fourier transformation. However, the estimation of SNR from this spectral has large inaccuracy and 
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A typical example of noise induced oscillation is depicted in Fig. 3͑a͒ , for the same parameters used in Figs. 1 and 2 and OU-noise with D =10 −3 and c =1. r͑t͒ is also shown, the probability distribution of which is drawn in Fig.  3͑b͒ , where r m reads about 0.185. The autocorrelation function of cos͓͑t͔͒ is shown in Fig. 3͑c͒ , where an exponential fit of the envelope gives NIO ϳ 63.30.
In Fig. 4, r One may then change the control parameter B and hence ␣ to do the same testing. As long as the condition ␣ Ӷ 1 and D Ӷ 1 is satisfied and after the system has reached a stationary state, the theoretical predictions can be well reproduced by the numerical tests. The good agreement between theory and numerical simulation demonstrate the validity of the stochastic normal form theory presented in Sec. II, even for non-Gaussian colored noise. More importantly, we show that what matters is the spectral density of the noise, which devoted to an effective noise intensity, as indicated by Eqs. ͑11͒. Hence, for other types of noise, either Gaussian or not, white or colored, one can straightforward predict the effects of them near the Hopf bifurcation by the present method. Surely this somewhat general result is related to the universal properties near the supercritical Hopf bifurcation. Though the analysis is done for the Brusselator, it can be extended to a general dynamic system with supercritical Hopf bifurcation without much difficulty.
IV. CONCLUSION
In conclusion, the effects of colored noise near supercritical Hopf bifurcation, using the Brusselator as an example, have been investigated, both theoretically and numerically. Two types of colored noise are considered, one is generated by the Ornstein-Uhlenbeck ͑OU͒ process and the other is the so-called power-limited ͑PL͒ one. We mainly focus on the effects of noise correlation on the CR behavior, given the noise intensity D is fixed, by investigating the dependence of SNR on c . Theoretical analysis shows that the effect depends on the value of D and the noise type. For D less than a certain threshold value D c , SNR is a decreasing function of c for OU-type noise, which has a clear maximum for PL-type noise. On the other hand, for D Ͼ D c , with increasing c , SNR undergoes one single maximum for OUtype noise, while it has two maxima for PL-type noise. Such interesting features, to our knowledge, have not been reported before, and demonstrate intriguing effects of noise correlation near Hopf bifurcation. All these results are predicted by a stochastic normal form theory, and well reproduced by numerical simulations. Since colored noise is more prevalent than white noise in real physical systems, and oscillation is wide spread and important in many physics, chemistry, and biological systems, we hope that our work could be of interest to a broad readership.
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APPENDIX: METHOD OF STOCHASTIC AVERAGING
Stochastic averaging is a method that has been widely used in the analysis of stochastic dynamic systems, especially near bifurcation points. Typically, there is a Stratonovith-Khasminskii limit theorem which is applicable to stochastic differential equations of the following form:
where x ជ͑t͒ is an n-vector stochastic process, y ជ͑t͒ is an m-vector stochastic process, usually relates to the noise term, and is a small parameter. If the elements of y ជ͑t͒ are a broadband process, with zero means, and the vectors f ជ and g ជ satisfy certain requirements ͑which are almost invariably met in practice͒, then it can show that x ជ͑t͒ may be uniformly approximated over a time interval of order O͑1 / ͒ by an n-dimensional Markov process, which satisfies the Ito equation
The symbol W ជ ͑t͒ denotes an n-vector of independent Wiener processes with unit variance. The quantities m ជ and are, respectively, the "drift vector" and "diffusion matrix," which is defined by the following expressions:
͑A4͒
where ͑ Ј͒ denotes transposition, E͓.͔ denotes the expectation operator, and T av is a time-averaging operator defined by T av ͕.͖ = lim T→ϱ 1 / T͐ t 0 t 0 +T ͕.͖dt. Also the subscripts t and t + indicate that the appropriate quantities are to be evaluated at these times. For periodic functions, the averaging over time can be calculated over a period. which is exactly equivalent to Eq. ͑10͒. 
